ON A LENGTH PRESERVING CURVE FLOW 



LI MA, ANQIANG ZHU 

Abstract. In this paper, we consider a new length preserving curve flow for 
convex curves in the plane. We show that the global flow exists, the area of 
the region bounded by the evolving curve is increasing, and the evolving curve 
converges to the circle in C°° topology as t cx>. 



1. Introduction 

In this paper, we study a nature evolution non-local flow for convex curves in 
the plane. This flow preserves the length of curves. We shall obtain the entropy 
estimate and integral estimates for the evolution to get a global flow. We remark 
that this kind of technique was used in [7J , where they studied the curve shortening 
flow. Curve shortening flow has been studied extensively in the last few decades 
(see [7] and for background and more references). It can be showed that the 
convexity of curves along the curve shortening flow is preserved and the curves 
become more and more circular before they collapse to a point. Since then, other 
flows for curves have also been proposed. One may see B.Andrews's papers (see for 
example, [T]) and Tsai's papers [T7] for other kind of flows for curves. One may see 
[TD5 for higher dimension flows for hyper-surfaces. As showed by M.Gage some 
non-local flow for convex curves are also very interesting. In a very recent paper 
|16j . S.L.Pan and J.N.Yang consider a very interesting length preserving curve flow 
for convex curves in the plane of the form 

|7(0 = (^-OA^, 

where L, N, and k are the length, unit normal vector, and the curvature of the curve 
7(f) respectively. They have proved that the convex plane curve will become more 
and more circular and converges to circle in the c°° sense. It is interesting to study 
curve flow which preserve some geometry quantity, such as the area of the region 
bounded by the curve. For this, one may see [13] for a recent study. 
The main result of this paper is the following theorem. 

Theorem 1. Suppose 7(u, 0) is a convex curve in the plane R^. Assume j{t) := 
7(u, t) satisfies the following evolving equation 

(1.1) ^^^^t) = (k - a{t))N, 
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where k is the curvature of the curve j{t) ana 



k^ds. 



Then the flow is a length preserving flow. Furthermore, we have the global 

flow "f{t) and "f{t) converges in C°° to the circle of of the fixed length L, as t —> oo. 

We remark that for a{t) — where L is the length of the curve 7(t), the 
evolution equation Ijl.ip is area-preserving flow, which was studied by M.Gage in 
0. 

The paper is organized as follows. 

In section [21 we introduce necessary formulae for the flow II. ip . We obtain key 
estimates about the curvature of the curve flow in section [3l We can justify 
the assumption that the curve is a convex curve and the flow does not blow up in 
finite time. We obtain the theorem [1] in the C° case. In the last section, we show 
the C°° convergence of the flow. 

2. Preparation 
First of all, we derive basic formulae for our curve flow (jl.ip . 
Lemma 2. Let w = |7„|. Then we have 

Wt ~ ~-k{k — a{t))w, 



an I 



d 



didS-dSd-t^'^'-''^- 



Proof Note that 



Then we have 

wwt =< 7n,7t„ >=< 7„, {{k - a)N)u w^(fc ~ a) <T,Ns > 

Using 

iv, = -fcr, 

we have 

Wt = —k{k — a)w. 

So, 

d d d d did 
dt ds ds dt dt w du 

= k{k — ajds- 

Recall that ds = wdu. Then we have 

{ds)t — Wtdu ~ —k{k — a)ds. 
We shall use this formula later. 
Lemma 3. 

-T = dskN. 
at 



□ 
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Proof. 



d d d d d ,,, 

= ds{{k-a)N)+k{k-a)T 
= d,kN. 



□ 



We denote the angle between the tangent and the X-axis by 6. Then we have 

cose =<T,X > 



and 



Lemma 4. 



, de 



dt - 



Proof. 



. ^de dT ^ ^ , ^ 
-sine— =< —,X>=dsk<N,X> 
at at 



Then we can derive the important evolution equation for curvatures. 
Lemma 5. 



Proof. 



^k = dlk + k^ik- a), 
dt ^ 



Hence, we have 
Lemma 6. 

d_ 
dt 

Proof. 



j kds = i 



d f f d d 

— kds= / —kds + k—ds= / d'^k + k'^{k - a) - k'^{k - a)ds = 0. 



Using this, we now derive 
Remark 7. Since 7(0) is a convex curve in the plane, we have J kds = 2^. 

Hence, we have 
Lemma 8. The length of the curve is fixed under the flow. 



□ 



□ 



□ 
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Proof. 

9 J. f <lu,ltU> , f ^ rr. ^ , 

= j^^du = j <T,j,.>ds 

= J <T,{{k- a)N), >ds = - J k{k- a)ds 

= - j k^ds + a j kds = 2na - j k^ds = 0. 



□ 



Another important fact for us is the following 
Lemma 9. The area of the disk hounded by the curve 7(t) is increasing. That is, 

^A(i) = aL - 2n > 0. 

Proof. Since 

-2A{t) = j <j,N>ds, 

we have 

= j <{k-a)N,N > ds + J <-f,-ds{k- a)T > ds 

+ j <'y,N > {-k{k- a))ds 
= Ji^- (^)ds - J ds{k - a) < 'y,T > ds - j <^,N > k{k- a)ds 
= j{k- a)ds + J {k-a){<T,T> +k<'y,N >)ds 

- j <^,N > k{k - a)ds 
= 2 y"(fc - a)ds = 2{2n - La) 



Since 



27ra = j k^ds >^{j kdsf = 



So 

27r - aL < 0, 

which implies the result wanted. □ 

Wc remark that the above formula takes the equality when fc is a constant, i.e. 
the curve is a circle. 

We now consider the growth of the support function 

P:=<X,N> 

and the growth of a. 
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Lemma 10. 

dtP = 9?P + 2k-a + k^P. 



dta — [(ks)^ds-\ / k^{k — a)ds. 

n J 2tt J 

t\i r\j nj r\j rii 



Proof. 



dtP = dt <-f,N >=< da, iV > + < 7, dtN > 
= k — a — kg < > . 

dsP = 9, <7,7V>=-fc<7,r> . 

afP = -ks<-f,T>~k-k'^ <-f,N> . 
Combine the above computation, we have 

dtP = d^P + 2k-a + k^P. 

k ktP~ kPt 

9tip) = — jr2 — ■ 

k kj^P kP_q 



Combine the above computation, we have 

kf kgs^P k 

k^(k-a)P-k(2k-a + k^P) Ps , k , 
— jk + 2^5^(p) 

a(l-fcP)-2fc2 Ps^ ,k. 



_n,A^, kaa P kPa o ^ P^^ ^ / k . 



a /■ ^ \ o2/ k , [kt kss)P k[Pt Pss) , rt^S r-, , k ^ 

9tip)-9sip) = jr2 + 2^^-(p) 



P2 +^f9.(p)- 



dta = — / kktds / fc"^(fc — a)ds 

TT J 2tt j 

= - k(kss + k^ik - a))ds / k^(k ~ a)ds 

TT J 2tT J 

= -- I {ksfds + ^ I k^{k - a)ds. 
TT J 2n J 



□ 



In principle we may consider the evolution of / := for p is a circle inside 
the region bounded by "/{t) and get control of the curvature of the evolving curve. 
However, unlike the shrinking flow where a = 0, we can not use the maximum 
principle to get the bound of / to show the convergence of the flow. So we need to 
use entropy estimate and integral estimate as done by Gage and Hamilton for the 
shrinking curve flow [7]. These will be done in below. 
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3. Long time existence 

In this section, we derive key estimates of the curvature k of the evolving curve 
lit). 

In the foUowing, we work with the general curve flow 

(3.1) ^7 - (fc - a)iV + 7?T 

ot 

where rj will be determined later. 

Similar to above, we have basic formulae 



Lemma 11. 



dtds - dgdt = k{k - a)ds - rj^ds. 
dtT = {ds{k-a) + kri)N. 
dtO = dsk + krj. 
dtL = 0. 

dtA ^ [{a- k)ds. 



We take rj such that dtO = 0, i.e. -q = ~dgk. 

Remark 12. Under this flow, the length is also preserved, and the variation of area 
is the same as rj = Q. 

Lemma 13. 

^ = k-'d'ik + k-'{k-a). 

Proof. 

dtk — dtdgO — dsdtO + k{k — a.)ds9 — dsrjk 
= k^d^k + k^{k^ a). 

□ 

Theorem 14. Convexity is preserved along the flow iS.l]) . In fact, for any finite 
time T < oo, such that the curve flow exists on [0,r], we have k{t) is uniformly 
bounded from below on t Cz [0, T] 

Proof. By direct computation, we have 

^,1 A 2'Kt. ,o^o,l A 2nt. ,1 A 27r^,, , 

'^^k - L - -) - ' '^^k - L - - '' ^'^^k - L - - 
Before — j; — ^ blow up, we have A; > 0. 

Since the curve is compact, we can take the maximum oi j ^ j; — ^j^ at (xq, to) e 
7 X [0, T], where the curve flow exists on [0, T]. If to > 0, we have 

(9 1 A 2TTt 

But 



- - - —)Ut„ < 0, 2k^{dgi- --- —))Xo,to = 0, -fc < 
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A contradiction. So 



I A 2TTt , I ^ A{0) 

< max{ . . ) 



k L L - ^k{0)' L 

That is k{t) > Q-^^c^t. ~ ^i^)^ where Ci and C2 are positive constant. So the 
convexity is preserved along the flow. □ 

Theorem 15. J logk{9,t)d9 is non increasing along the flow, So there is a uniform 
bound of J logk{6,t)d9 along the flow. 



j logk{9,t)d0 = J 



Proof. 

d_ 
dt 



By definition, we have Jq^ {k — a)d9 = 0. Using the Wirtinger inequahty, we 
have 



kdlk + k{k ~ a)d9 

{dekf + {k~ afd9 + a {k - a)d9. 



Hence, 



d f 

— J^ logk{9,t)d9<0. 

p'ZTT piTT 

I logk{9,t)d9< / logk{9,0)d9 
Jo 



□ 

Theorem 16. [7] Suppose the curve flow exists on [0,T). For any S > 0, we can 
find a constant C(T) such that k{9,t) < C{T) except on intervals of length less 
than or equal to S. 

Proof lik> C{t) on a < < 6 and 6 - a > (5, then 

logk{9, t)d9 > 6logC{T) + {2n - d)logk^in(t) 

> 5logC{T) + (27r - S)logc{T) 

where c(T) is the low bound of k{t) on [0, T). Since /o logk{9,t)d9 IS non increas- 
ing, C{T) is bounded above. □ 

Lemma 17. We have 

where D is a constant which depends only on 7(0). 
Proof. 

/r)k rPk 
ik-amk-8,a)^2-^^d9 

= 2 J{k-a + dlk)dtkd9 -2 j {k ~ a)dtad9 

= 2 [{k-a + d^k fk^d9 + 2dta{2na - [ kd9) 
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But 

j kd0= I k^ds = 27ra. 

So 



d_ 
di 



. j(k-af- i^fde = 2 y (fc - a + dlkfk^dO 
Integrating the above inequality, we have 

j ik{t) - a{t)f - i^fde > J (fc(0) - a{0)r - {^fd0 = -D. 



Then we have 



J{^^^)de< J (kit) - a{t)f + D < Jk^dS + D. 



□ 



Theorem 18. If J^^ logk{9,t)d6 is bounded on [0,T), then k{6,t) is uniformly 

bounded on j x [0,T). 

Proof. For any given S, by the above estimate, we have k < C{T) except on intervals 
[a, h] of length less than 5. On such an interval 

k{(l>) = k{a) + y^ ^dO < C{T) + V~5{j {^fdef^ < C{T) + ^5{j k^dO + Df'^. 
This shows that if kmax is the maximum value of fc,then 

kma. < C{T) + V^(27rA:Lx + D)'/^- 
By choosing S small, we have 



l-47r5 



□ 



Lemma 19. If k is bounded, then ^ is bounded. 
Proof. 

dtdek = k^dlk + 2kdekdgk + 3k^dek - 2akdek. 
Since k is bounded, a is bounded. So dgk grows at most exponentially. □ 

In the following, we will use A; , etc, to denote the derivatives of 'y{t) w.r.t variable 
6, dek, etc. 

Lemma 20. If k and k' are hounded, then J^^{k")'^d6 is bounded. 
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Proof. 



d_ 

dt 



/ {k")^d0 = 4/ {k"f{k^k"+k''{k-a))"d0 
Jo Jo 

= -12 / {k'f{k"){k^k" + 2klik" + Sk'^k' - 2akk')de 
Jo 

= -12/ k^{kf{k f + 2kk{kfk +3k^k{kfk 66 
Jo 



+24a / kk'{k"fk"'d9 



< Ci {k'f{kfd6 + C2 / k'^{k'f{k"fde 
Jo Jo 

+24aC3 / {kf{k'fde 
Jo 

By the bound of k, k' , we see that J^^ik' )^ grows at most exponentially. □ 

Lemma 21. Ifk,k' and J^^{k "yd9 are bounded, so is J^^ {k"'yd9. 
Proof. 

= -2 / k""{k^k" +k^ ~ak^)"d0 
Jo 

= -2 r k\k""f + Akk'k"'k"" + 2k{k"fk"" 



+2{kfkk +3k^k k +6k{kfk' 
-2a{kfk"' - 2akk"k""de 



< Ci j\k'f{k"'fde + C2 J {kfdo + c^j ^{k"fd9 

+ CiJ e{k'fd6 + C5J {k')^d9 + Ce j '^d9 + C7 J {k'fd9. 

By the bounds of fc, k! , | |fc " 1 14, we see that ''(A:'" grows at most exponentially. 

□ 

Corollary 22. Under the same hypothesis, k is bounded. 
Proof. In one dimension 

max\f\''<C J 1/? + /' 

We apply this to k" . □ 

Lemma 23. If k,k , and k are uniformly bounded, then so are k and all the 
higher derivatives. 



10 



LI MA, ANQIANG ZHU 



Proof. We compute 

d_ 
di 



^k" = (k^k" + k^ - k^af 



k^k" + Qkkk^" + (8fcfc" + 6fc'2 + 3fc2 - 2ak)k" 
+ {6k'{k" f + ISkkk" + 6{k'f - 6ak'k") 



Since k,k ,k ,a is bounded, k grows at most exponentially. Similarly, we can 
show that fc(") is bounded on finite intervals. □ 

From the above analysis, we have 
Theorem 24. The curve flow does not blow up in finite time. 
Theorem 25. [5 For the closed, convex curve 7(t) in the plane, we have 



TT- < / fc^ds, 



L 

'a 

where L, A and k are the length of the curve, the area it encloses, and its curvature 
respectively. 

Theorem 26. If the convex curve 'y{t) evolves according to 113. then the isoperi- 
metric deficit — An A is decreasing during the evolution process and con- 

verges to zero as the time t goes to infinity. 

Proof. Since the length of the curve is preserved, 

— (L^ - 47rA) = ~4:TT—A(t) ^ -AiriLa - 27r) < 0. 
dt dt 

From the above theorem [25l we have 



Since for any plane curve. 



we have 



So 



As t — > oo, we have 



±iL'^4nA)<-^-^iL'-4nA) 



- AttAU) < Cexpi ^t). 



- 47rA 0. 



By Bonnesen inequality (see [U ) , - 47r > ^{rout-TinY, we have rout- Tin 
0, as i ^ oo. So the curve converge to a circle in HausdorfF sense. □ 
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4. C°° CONVERGENCE 

We will follow Hamilton's estimate to prove the C°° convergence. 
Define 

— sup{b\k(0) > b on some interval of length w}. 

Lemma 27. [7j 



i-XH(^-i)' 

where ri„ and rout o,re the radii of the largest inscribed circle and the smallest 
circumscribed circle of the curve defined by the k{]t) respectively, and K is a positive 
decreasing function of w with K{Q) — oo and K{t:) — 0. 

Remark 28. Here we need the explicit formula of K{vu). 



K{w) 



2cos(f ) 



l-cos(f)' 
See also [7]. 

By the above section, we have the curve ^{t) converges to a circle in Hausdorff 
sense as i — s- cx), i.e. 

7i-(ro„t - r,nf <L^- 47rA -> 0. 
We also have nrl^f. > A{t) > A{0), and rout So There is a sufhcient large 

time Ti such that r^„ {t) > for t>Ti. 

We first fix a small w. Then there is a sufficient large time T2 > Ti, such that 

K{w){—^1) < 1/2. 

for t > T2. By the theorem [27l we have kl{t)r^u{t) < 2, i.e fc* (<) < 2y^ for 
t > T2. 

Then by a use of the method used by Gage and Hamilton in 7 , we have 

Theorem 29. Curvature k{t) uniformly bounded along the flow. 

Proof. We just need to consider the curvature k of the curve '-f{t) for t > T2. First 
we fix a small w < (|^)^. Suppose that [a,b] is a interval such that k > k^. By 
condition, we have \b — a\ < w and fc(a) = k^. For any e [a, 6], we have 

M0) = k{a) + f^^de<ki + ^{j{f^fdeY/' 



< kl + V^{ J k^de + Df^. 



If kmax is the maximum value of fc, then 

k^ax < kl + y/^{2TTkl^^^ + Df^ <K+ '2TrVwk,nax + V^D. 
So for t > T2, we have k is bounded uniformly. □ 

Since k{9,t) is uniformly bounded, j{dgk)^d6 is also uniformly bounded. Then 
we have k{6,t) is equi-continuous. So for any sequence k(9,ti), we can choose a 
sequence k{6,ti^) converge uniformly to k{9, 00). But we know the curve converge 
to circle in the Hausdorff sense. So k{d,oo) — const. Since every subsequences 
converge to k(9, 00) = const, we have k{9, t) converge to k{9, 00) = const uniformly. 

Similar to [7], we have 
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Lemma 30. \\k ||4 are bounded by constants independent oft. 
Proof. 



{kfde ^ A J {k')^{k^k" + k'^{k-a))'de 

= -12/ k^{k f{k'f -12 i {k'fk'k^dO 
Jo Jo 

-8a / [kfkde 
Jo 

< 3 / k'^{kfd0-8a / {k')'^d9 
Jo Jo 

Since k converges to a constant, a{t) is converging to a constant. Using the Holder 
inequality, we have 

^<C,f^/2_c,f 

where / — {k )'^d9, Ci and C2 is independent of t. By the lemma 5.7.4 of [7], 
we have ||fc \\4{t) is uniformly bounded. □ 

Lemma 31. II2 is bounded by a constant which is independent oft. 
Proof. 

dt / {k" fd0 
Jo 

27r 

k"{dtk)"d9 

2-K p2ir 

k"'{k^k")'dd+ / k"{{k^)" -a{k^)")de 
Jo 

= - / k^{k"'fde-2 kkk'k'de 

Jo Jo 

/>27r ('2'K ('2'K 

-3 / k^k'k"'de-2a / k{k'fde-2a I k' {kfdO 
Jo Jo Jo 

By the Cauchy inequality, we have 

/>27r |>27r t'2'K t'2'K 

dt {k'fde < Ci {k'k"fde + C2 k^{k'fde-2a k{k"fde 
Jo Jo Jo Jq 

-2a / k'{k fde 
Jo 
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We can control the first term by the inequality in above lemma [30l 

/'27r /'27r />27r 

dt / {k")^dd < C2 k^{kfde-2a / k{k'fd9 
Jo Jo Jo 

-2a k'ik'fdO-Csdt {kfd9 



-Gil [kfk'k^de-C^i [kfde 
Jo Jo 

< Ce - C7 / {k"fd9 - Csdt / {k')'^de 



We denote /(, (fc )^de by f{t). Then we have 

dtf<Ce^Cjf~C3dt f {k fdO 
Jo 

Multiplying e'^''* on both side and integrating, we have 

pt pt p2'7T 

e'^VWIo < C'e / e'^^'dt-Cs e^'^dt [k fdOdt 
Jo Jo Jo 

So we have 

e^^*/(i) < + C,C, f e^^* f\kfde + C, 

^7 Jo Jo 

< %^'^' + C3Me^'^' + Cs. 
Cj 

where M is the bound of J^^ik YdO which is independent of t. So J^^ik )^d9 is 
uniformly bounded. □ 

As to lemma 5.7.8 of [7|, we have 

Lemma 32. ||oo converges to as t oo. 

Lemma 33. [7] For any < /? < 1 we can choose A so that for t > A 

{k'fdO >4=P J {kfdO. 

Lemma 34. For any < /3 < 1, there is a constant Ci such that II2 < 
(^^g-2/3C w/iere k ^ C, as t 00. 

Proof. 

dtj{k')^de = 2 J k'{k^k" +k^ -ak^)'de 

= -2y" k^{k" fde + 6 J k^{k fde-Aa j k{kfde. 
Since A: — s- C, as i — > 00, we have 

dt j {kfde < -2/3C^ J [kfde. 
So we complete the lemma. □ 
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Lemma 35. We can find a constant C such that \ \k \\2 < Ce^^'^*, where /? > 
a uniform constant . 

Proof. By direct computation, we have 

dt [{k'fde 



2 j k"{kt)"d0^2 J k"{k^k" +k^{k-a))"d0 

-2 J k^{k"'fde-4: J kk'k"k"'d9-6 J k^kk'de 

-4a / {kfk'~Aa ( k{k'fde 



< -2 / k^{k"fde + Ae I k^{k"fde + l/e {k'f{k"fd0 



+6(e / (kk f + l/4e / k^{k ~ Aa {k fk dO 



-4a / k{k'fde 



First we choose e > smaU such that 



dt I {k'fde < C'l I {k'f{k"fde + C2 j k^ikfde 
-4a I {kfk dO -Aa [ k{k"fd9 



Since \ \oo converges to 0, fc ^ C, a ^ C as i — > oo, we have 
dt J {kfdO < -2C^ J {k'fde + CzCe"^^*. 

We denote J{k fde by f. Then we have 

dtf < -2C^f + CsCe"^^*. 
By the lemma 5.7.6 of [7], we complete the proof. 



Lemma 36. We can find uniform constants C and /3 > such that \ \k ||4 < Ce ^ 
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Proof. 

dtj {k'fde 

= 4 y" {k"f{k^k" + k^{k - a))"dB 

= -12 / k'^{k'f{k"fde~2A [ kk'{k"fk"'d0 



-36 J k^k {kfk" de -%a J (k)^ {k'fde -8a J k{k'fde 
< -12 J e{k' f {k'fde + 2A{e J fc2(fc")2(fc"')2 + i/4e J{k'f{k"fde) 
+36(e / fc2(fc")2(fc"')2 + i/4e f ^{kf {k'fde) 



-8a J {k f{k fde- 8a J k{k fde 

< Ci J {kf {k'fde + C2 j k^{k'f{k"fde 

-8a j {kf {k'fde -8a j k{k"fde. 
By Young inequality, we have 

\k'f {k'fde < e J {kf'^{kfde + c(e) j {k'fde, 
k^k f {k'fde <e J {k'fde + c{e) J k^ikfde. 

Since ||fc ||oo ^ as i — > cxd, we have 

dt j {k'fde < -Ci J {k'fde + C2 J {k'fde. 
Denote J{k"fde by /. We have 

By lemma 5.7.6 in [7], we complete the proof. □ 

Lemma 37. There is some constant C such that \ \k II2 < Ce~'^^* , where P > is 
a uniform constant. 

Proof. 

dtj{k"'fde = -'^ j k'^{k""fde-8 J kk k" k"" de 



-4 J{k'fk"k""de-4: J k{k"fk""de-6 J k^k"k""de 

-12 J k{k' fk""de - ia J k{k"' fde-12a J k'k"k"'de. 
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By Young inequality, we have 

df fik'fde < -2 f k\k""fde + e I k'\k'"fde + Ci{e) l{kf{k)'^de 



/ ^±l^de + c,{e) [{kfde 



+Ci{t) J {k fde + Czie) J k\k yde-Aa I k{k ydo 
-12a(e [ik"')^de + Ceie) ({kf{kfd9). 



By the above estimate of k and k , for sufficiently large t, we have 
dt j {k"fde<-'Cej {k"fde + C7e-^* 

The result follows from the lemma 5.7.5 in [7]. □ 

In fact, the method in |7i can be applied to our case. The high order estimate 
of k is similar to [7], so we omit the detail. 
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